1. Let f, g: A →R be integrable. 

a. For any partition [image: image1.png]


of [image: image2.png]


and any subrectangle [image: image3.png]


of [image: image4.png]


, show that [image: image5.png]ms() + mg(g) < ms(f + g)



and [image: image6.png]Ms(f + g) < Ms(f) + Ms(g)



and therefore [image: image7.png]L{,P+ L)< L(f+ Db



and [image: image8.png]U(f 4+ g.P) < U(f,P)+ Ulg. P)



. 

b. Show that f + g is integrable and f Af + g = f Af + fAg. 

Let [image: image9.png]Py



(resp. [image: image10.png]P



) be a partition as in Theorem 3-3 applied to [image: image11.png]


(resp. [image: image12.png]


) and [image: image13.png]


. Let [image: image14.png]


be a common refinement of [image: image15.png]Py



and [image: image16.png]P



. Then by part (a) and Lemma 3-1, 
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c. For any constant [image: image18.png]


, show that f A cf =c f af. 

We will show the result in the case where [image: image19.png]c<0



; the other case being proved in a similar manner. Let [image: image20.png]


be a partition as in Theorem 3-3 applied to [image: image21.png]


and [image: image22.png]


. Since [image: image23.png]mglcf) = eMz(f)



and [image: image24.png]Mg(cf) = emg(f)



for each subrectangle [image: image25.png]


of [image: image26.png]


, we have 

SOLUTION (A)
For each [image: image27.png]xE S



, one has [image: image28.png]ms(f) < f(x)



and [image: image29.png]mg(g) < g(x)



since greatest lower bounds are lower bounds. Adding these inequalities shows that [image: image30.png]mgs(f) + mg(g)



is a lower bound for [image: image31.png]Flx)+ gx)



, and so it is at most equal to the greatest lower bound of these values. A similar argument shows the result for [image: image32.png]Mg



. Since [image: image33.png]


, [image: image34.png]


, and [image: image35.png]L(f+ g F



are just positively weighted sums of the [image: image36.png]ms(f)



, [image: image37.png]


, and [image: image38.png]ms(f + 2)



the result for [image: image39.png]


can be obtained by summing (with weights) the inequalities for the [image: image40.png]


. A similar argument shows the result for [image: image41.png]


. 

SOLUTION (B)
. By Theorem 3-3, [image: image42.png]


is integrable. 

Further 
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By the squeeze principle, one concludes that [image: image44.png]fite=1r+1z



. 

SOLUTION (C)
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By Theorem 3-3, applied to [image: image46.png]


and [image: image47.png]


, the function [image: image48.png]


is integrable; by the squeeze principle, its integral is [image: image49.png]


. 

